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SUMMARY

In this paper we wish to present a limit theorem valid
for a general class of Markovian decision processes. The
result is of interest because of the simple conditions which

are imposed and the rather simple argument which is used.
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FUNCTIONAL EQUATIONS IN THE THEORY OF
DYNAMIC PROGRAMMING--XI: LIMIT THEOREMS

Richard Bellman

l. Introduction

In this paper we wish to present a 1limit theorem valid
for a general class of Markovian decision processes, 'l:. The
result is of interest because of the simple conditions which
are imposed and the rather simple argument which is used.

Let p be an element of a finite set P, and q be an
element of another finite set Q. We think of p as the
state vector of a discrete dynamic programming process, and q
as the decision variable at each stage. A choice of q re-
sults in a transformation from p to T(p,q), taken to be an
element of P, and in a return of b(p,q), a scalar function
defined for all p P and gq Q.

Denoting by pl,pa,..;;pN .the succession of states, and
by ql,qa,...,qN the sequence of decisions, we have as the

overall returmm of an N-stage process the function
(1) Ry = b(p;,9;) + b(p,y,q,) + «+¢ + dlpy,qy).

We wish to choose the q, 8o as to maximize RN.
Introducing the function fN(pl) defined by the relation

(2) fy(py) = Max Ry
q

for all P; P and N=1,2,..., we have the recurrence

relation



P-1843
11-30-59
2

4

for N > 2, with

(4) r,(p;) = Max b(p,,q,).
b1

It 1s reasonable to expect a "steady-state" policy which
is approached asymptotically a8 N — o; e¢f. 2,3,4, for
results of this nature. The study of the asymptotic¢ behavior
of the sequence fN(pl)' determined by (3) is a problem of
some difficulty, and usually requires some detailed knowledge
of the transformation T(p,q) and the function b(p,q). We
shall show in what follows that a fairly general result can be
easlly obtained under mild assumptions. Unfortunately, al-
though we can derive the asymptotic form of fN(p), we cannot
assert the existence of an asymptotic policy. Further

assumptions appear to be required for this.

2. Statement of Result

Let us make the following two assumptions:

(1) (a) b(p,a) >0, p P, q X,

(b) T(p,a) 1s such that by means of a suitable choice
of q's, S OYL PYRRRIL P it 1s possible to go from
any element P P to any other element Py P.

We wish to establish
Theorem. Under the foregoing assumptions, for all P B
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(2) rN(pl) ~ Nap
88 N —» @, where a 18 independent of Py-
%. Proof of Theorenm
Referring to (1.1), we may write
() fgpnp) = Max_[b(pa) + eee 4+ b(pgay)
m+n'*1l [ql’q2""’qm] 1°71 m? Im
+ fn('rm)],

where % is the state attalned after the choice of Qysqps s qp.

Introduce the new sequence {un} by means of the relation

(2) uy = Max £ (5)-

Then, it is clear from (1) that

(3) Upen $ Uy * U,

for m,n ) 1. It 1s well known that this inequality implies

that there exists a constant a such that
(%) u, ~ ne

a8 1. — o, [5]."
Let us now show that rn(pl) ~ na as n —» ®. let for

each n, p_. be a value of p for which f_(p) assumes the
n n

value Max fn(p). Choose a sequence of Qq'S, QG ,Qps+«+sQxs
)

ﬁ
This result is used in the foregoing fashion by
Furstenburg and Kesten in a forthcoming paper.
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which transforms P, into the value Pp-nm° We know, by
assumptions, that the number of transformations required to go
from any point P to any other point is uniformly bounded.

Take M to be this bound.
By virtue of the nonnegativity of b(p,a), we have

(5) £.(p) 2 £ _g(py o) 2 T (P p)e

Since fn(pl) £ fn(pn), by definition of the element p_,

we have for large n > n( ),

(6) n(a + )2 r(p,) 2 £,(py) 2 £, (P y) 2 (n— M)(a— ).
Hence
(7) r.(p;) na

as n — o, the desired result.



P-1843
11—50—52

REFERENCES

R. Bellman, amic Programmin Princeton University Press,
Princeton, New Jersey, 195/. ’

R. Bellman, "On a quasi-linear equation,"” Canadian J. Math.,
vol. 8, 1956, pp. 198-202.

R. Bellman, "A Markovian decision process,"” J. Math. and
Mech., vol. 6, 1957, pp. 679-584.

R. Howard, Discrete amic Prograuming, John Wiley and
Sons, New York, I§gg.

G. Polya an:! @. Szego, Aufgaben und lLehrsatze.,.., Dover
Publications, New Yorl, ol T P 7 Eorsice o8, 1945.




